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A general formula is derived for the potential energy of an ion in an ionic solution using all 
assumptions of the Debye-Hiickel theory except the assumption of constant permittivity. For the 
solvent the spatial correlation of polarization fluctuations is taken into account. The potential energy 
of an ion in it's ionic atmosphere is calculated for different models of the spatial correlation of 
polarization fluctuations and the corresponding excess free energy and activity coefficient of an ion 
is evaluated. It is concluded that the Debye-Hiickel theory using a constant value of e should only 
be valid for electrolyte concentrations lower than 1 0 - 7 mo l -dm - 3 . The paper intends to show the 
consequences of dropping the assumption of constant permittivity and so encourage further efforts 
towards a more exact treatment of the problem. 

1. Introduction 

The interest in electrolyte solutions dates bade to 
the time of van't Hoff and Arhenius. The first sta-
tistical theory of electrolyte solutions is known as 
the Debye-Hiickel1 (DH) theory of diluted solutions 
of strong electrolytes, which has been shown 2 to be 
asymptotically valid for 

x3/c 0 (1) 

where c is the total number of ions per unit volume 
and y. the reciprocal Debye length 

y.= [4 JZ e2 C 2 r a Za2/ {ekT)]1/2 (2) 
a 

where zA and v^ — cjc are the charge number and 
the fraction of the ionic species a, respectively, 
e is the electronic charge and £ the dielectric con-
stant of the solvent. The range in which the DH 
theory is consistent with the principles of statistical 
mechanics has been estimated in different ways 2 - 6 

to be 
c™<[yekT/(e*Zv a z a 2 ) ] 3 / 2 , (3) 

a 

y - < y e k T / ( e 2 I v , z ^ ) , (4) 
a 

where 1/4 a y ^ 2. Thus for an aqueous solution 
of a uni-univalent electrolyte the largest upper 
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bound (corresponding to y = 2) gives c ^ 10 1 7cm 3 

( i . e . m< 1 0 " 4 ; m o l - d m - 3 ) and 1 / * > 1 0 0 Ä . 
Even in the region of selfconsistency [ i . e. where 

the inequality (3) is fulfi l led] the DH theory was 
questioned because the solvent in the DH theory is 
treated as a structureless medium with the macro-
scopic dielectric constant e. The continuous model 
was modified in different ways, e. g. in Ref. 8 the 
linearized Poisson-Boltzmann equation was solved 
for the permittivity ( = microscopic dielectric con-
stant) as an empirical function9 depending on the 
potential of the ion according to the Malsch formula. 
The non-linearized Poisson-Boltzmann equation with 
use of a phenomenological interpolation formula for 
the permittivity as a function of the distance from 
the central ion was also solved 10. These models may 
be of interest for their own sake 11, but they ignore 
the structure of the solvent. In fact, in the frame-
work of local electrostatics, where the average po-
larization due to the outside electric field is propor-
tional to the dielectric displacement D 

< P ( r ) ) = { l - ^ y } D ( r ) = - [e(r) - 1 ] V <2> 

(5) 
[where 0 is the potential of the electric field in the 
medium with the permittivity e(r) at a point r ] it 
is impossible to take into account the polar struc-
ture of the liquid which manifests itself through the 
correlations of polarization fluctuations at different 
points in space. The nonlocal electrostatics (or the 
electrostatics of media with space dispersion 12) is 
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based on the integral relationship 

( P a ( r ) ) = 2/dr' {öaß Ö(r-r')-e^ ( r , r ' ) } Dß(r ) 
ß 

= 2 / dr' (r, r') - ^ <5 (r - r') (r') (5 a) 

ß 
where the subscripts a,ß denote the Cartesian com-
ponents, eaß(r, r') is the tensor of generalized static 
field permittivity which takes into account the con-
tributions of the electric field at different points V 
to the average value of the polarization at a point V 
which are caused by spatial correlations of polari-
zation fluctuations 

S a ß ( r , r ' ) = (P3(r)?^(r')} + d { r - r ' ) . 

The model of a polar solvent based on linear electro-
dynamics of media with spatial dispersion was elab-
orated i n 1 3 ' 1 4 . A detailed analysis of the physical 
principles and some applications of the model are 
presented in Ref . 1 5 where the theory of solvation is 
treated, and also in review articles 1 6 ' 1 7 . In Ref. 18 

the energy of interaction of two ions in the polar 
solvent at large distance was studied (in fact the 
potential of an isolated ion) and it was shown that 
it becomes non-coulombic at a certain characteristic 
distance due to the dynamical structure of the sol-
vent. In the present paper we treat the DH theory in 
its range of supposed validity taking into account 
the spatial dispersion of the solvent. [The effect of 
the spatial dispersion on the criterium of validity of 
the DH theory will be discussed in 4. At this point 
we use the estimates (3) and ( 4 ) . ] In the following 
the potential of an ion, the total electric work and 
the activity coefficient will be calculated under this 
assumption. 

2. The Debye-Hückel Ionic Atmosphere 
in a Solvent With Spatial Dispersion 

We assume an ion a to lie at the origin of the 
coordinate system and to be surrounded with a 
spherically symmetric ionic atmosphere. We neglect 
the size of ions and assume the solvent to be a me-
dium with spatial dispersion of permittivity [see 
Equation (5 a ) ] . In the self-consistent field approxi-
mation the equation for the effective potential of 
an ion of type a in an electrolytic solution 7 ' 1 9 

(the so called Poisson-Boltzmann equation) can be 
written as 

- div D a = 2 4 - f dr' (r, r') <2>a (r') (6) 
aß dra ö r ß 

= - 4 71 e [za <5 (r) + c 2 2b vb exp {-ezh &Jk T} ] . 
b 

Strictly speaking, £aß is a function 11 of (r, r ') . We 
will however treat sufficiently diluted solutions. To 
describe these it is sufficient to know the field at a 
distance from the ion where we can assume the 
medium to be homogeneous and isotropic so that 
we can set £aß{T, r') = £aß(r — r ' ) . In this way we 
neglect the difference of the structure in the vicinity 
of the ion and in the pure solvent which corresponds 
to neglecting the short range forces in the DH theory. 
In addition to the self-consistent field approximation 
in the DH theory the linearization of Eq. (6) by an 
expansion of the exponential to the first two terms 
is a further major approximation. (It has been 
shown that using the DH-treatment only the lin-
earized Poisson-Boltzmann equation leads to results 
consistent7 with the principles of statistical me-
chanics.) Under these assumptions and using the 
condition of electroneutrality 2 = 0 we get the 

a 

following equation for the potential = <Z>a/za 

2 4 /dr'^(r-r')^r<Z>(r') (7) 
aß ära OTß 

. s . , 8 71 e2 . , = — 4 Jt e <5 (r) + - r ^ - l ® 

where 7 = c 2 vaza2/2 is the ionic strength. This 
a 

equation can be solved using e. g. a Fourier trans-
formation, and its solution is 

$ ( r ) = — SM(r) 
£ r 

(8) 

where the function S H ( r ) , which we shall call the 
shielding factor, is given as 

c / \ 2 f k s i n k r j y. 
S " ( r ) - ^ J * + * » / ( * ) d k • 

0 

(9) 

The function F(k) is given (cf. also the Ref . 1 5 ) as 

«11 w 
£ 

p { k ) = 1 ^ K ^ f d r e _ i k r ^ 
£ aß k 

When spatial dispersion is absent, i . e . E\\(k) =€, 
the permittivity of the solvent is £aß — 6aß d (r) £ and 
F(k)=l; in this case the shielding factor is the 
same as in the DH theory, i . e . 5^( r ) =exp{— x r } . 
For the other limiting case, i. e. the case of infinitely 
diluted solution (* = 0 ) , the formulae (8) and (9) 
give the potential of an isolated point ion in a me-
dium with spatial dispersion n ' 1 8 . 

In order to get an analytical expression for the 
shielding factor S^(r ) it is necessary to know the 
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function F(k). The main contribution to the value 
of the integral (9) is due to k<l/r, and therefore 
it is sufficient to know F(k) for k<l/r. It is an 
accordance with our assumption that we neglect 
short range effects, and therefore it is sufficient to 
know the function F (k) in the range &<l// s . ls is 
a length characteristic for the size of the ion with its 
first coordination shell. Therefore we can use the 
equation (Fourier transform variable corresponding 
to space coordinate r in spherical coordinates) 

F(k) = [ £ - ( Z - l ) f ( k A ) ] ~ \ Z = €/£*, ( 11 ) 

which has been der ived 1 3 ' 1 4 for k sufficiently 
smaller than the reciprocal of the characteristic 
length of the solvent molecules and where £* = 
£ (co, k = 0), co corresponding to the frequency 
which separates the rotational Debye and infrared 
frequencies of the degrees of freedom of the solvent, 
i. e. e* is the so called intermediate permittivity (for 
detailes see 1 3 ' 1 5 ) . The value of £* is usually taken 
to be 4.9 for water, 6 for methanol, and 4.4 for 
ethanol and does not depend markedly on tempera-
ture 20 '21>15. The function f ( x ) is the so called 
spectral function 13>14 [ f ( 0 ) = l , f ( x > l ) < l ] and 
A is the characteristic length of the spatial correla-
tion range of the polarization fluctuations caused by 
excitations of hindered Debye rotation of dipoles 
(in liquids with hydrogen bonds it is connected with 
the characteristic length of the hydrogen bonding 
chains). 

The form of the spectral function depends on the 
character of the correlations of fluctuations in 

r-space: f(x) = (1 + x2) ~2 (12 a) 

corresponds 1 3 ' 1 4 to the exponential approximation 
of the correlation function in r-sprace, 

f(x) = exp { — ar/4} (12 b) 

corresponds to the gaussian and 

3 I sin oc 
= -cosx (12 c) 

to the step correlation. However, one general result 
can be obtained without specifying the function 
F (k) [or f(x)]. In order to obtain this result we 
make the only assumption that F (k) changes sub-
stantially at the characteristic value k* 1/A) 
and that the concentration of the solution is such as 
to fu l f i l 2 5 x A ^ l . Then (see Appendix A) 

S * ( r ) ^ e x p { - * r } + . S 0 ( r ) - l (13) 

where S 0 ( r ) = S x = o(r) is the shielding factor of an 
isolated ion in the absence of other ions. In this way 
the shielding factor is substancially different from 
that of Debye (exp { — xr}) in the r < A, i . e . 
where the Debye shielding factor is 1. 

Using the approximation (11) and the spectral 
functions (12 a ) , ( 1 2 b ) and ( 1 2 c ) we get 

S 0 ( r ) = l + ( £ - l ) [l+r/(2A)] exp { - r / A } 
(14 a ) 

5 0 ( r ) = l + ( | - l ) [ l - e r f ( r / ^ ) ] ( 1 4 b ) 

Z-(£-l)[r/(2A)][3-(r/A)2], 
for r<LA 

(14 c) 
respectively (cf. Figures 1 — 4 ) . 

5 o ( r ) ~ ' 1 , f o r r ^ A 

Fig. 1. The shielding factor for 
an ion in pure solvent S0(r/A) 
(i. e. ar A = 0, see Eq. (9)) vs. 
r/A for three different models of 
the correlation of polarization fluc-
tuations according the Eqs. (14a), 
(14 b) and (14 c) — curves 1, 2 
and 3 respectively; £ = 78/4.9 = 

15.92. 



1604 K. Holub and A. A. Kornyshev • Debye-Hiickel Theory of Strong Electrolytes 1604 

Fig. 2. The shielding factor (see Eq. (9)) vs. r/A for the 
indicated values of x A (model (12 a ) ) ; £ = 15.92. 

Fig. 4. The shielding factor (see Eq. (9)) vs. r/A for the 
indicated values of x A (model ( 12c ) ) ; £ = 15.92. 

following approximate 19 formula 

c2 1 

- ^ - f d s f d r Z e { @ ( r ) l = ( ) } z ! l z h v ! l v h * 0 a, b 
s e 

Fig. 3. The shielding factor (see Eq. (9)) vs. r/A for the 
indicated values of x A (model (12 b ) ) ; £ = 15.92. 

3. Thermodynamics of Diluted Solutions 

The fundamental quantity of diluted electrolyte 
solutions is WE — the free energy of the long-range 
forces (the change of the energy of the system due 
to the so called Debye charging process 2 3 ' 1 9 ) . In the 
range of low concentrations [ ( 3 ) , ( 4 ) ] the free 
energy of charging per unit volume of the electro-
lyte, w = WE/V can be calculated by means of the 

1 - - ~ { < £ ( r ) z a 2 b (15) 

1 OO 
-8ji[I2 e4/ (s2 k T) ] / ds s f dr S 0 ( r ) S ( r ) . 

0 0 

Using (9) for S and performing the integration 
over s and r taking into account the identity 

oo 

f dr sin (k± r) sin (k2 r) =6 (kx — k2) — d(kl + k2) 
- oo 

we get 

^dh zz ) x \F(k) 
o 

1 + 
k2 F (k) 

(16) 

where w-qr = — k T y3/ (12 ti) is the "long-range 
forces" free energy per unit volume in the DH 
theory. The activity coefficient can be expressed by 
means of the free energy 

2 ..3 3M; kT\nf = a ~ 
k l l n / a ~ 3 ( c v a ) 21 dx2 (17) 

We substitute into this equation from the Eq. (16) 
and get 

ln /a 2 x f dk 

(In/a) 
i L _ = 2 * f 
) d h ™ J 

F(k) [k2 F(k) +x2] 
(18) 

where 
(ln /.) d h = ~

 z

a
2 ^V (16 T i /) = — z2 e2 x/ (2 e k T) 

is the expression for ln /a in the DH theory. 
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(16) and (18) can be simplified by assuming 
that the characteristic value k* is much larger than 
x (see Appendix B) : 

w wdh [1 + (3/4) x L] (19) 

I n /
a
ö £ ( I n /

a
) d h [ 1 +xL] 

where 

ti J k F 3 

(20) 

(21) 

The integral L is convergent because and 
kF\_oo—>-0 (these properties of the function F(k) 
were obtained in References 1 3 ' 1 4 ) . The second 
terms in the square brackets on the r.h.s. of the Eqs. 
(19) and (20) correspond to the correction of the 
DH theory due to the effect of spatial correlation of 
the solvent. The characteristic length parameter L 
describes the effect of the solvent dynamical struc-
ture. For the calculation of the length L we can use 
the approximation (11 ) . Then 

L = AU{£) (22) 

where 00 

4 f Hr 
U t f ) = - 1 ( 1 - 1 ) - — / ' ( * ) (23) 

71 J X 
oo 

71 J X 

Fig. 5. The excess free energy in "un i t s" of the DH theory 
excess free energy vs. x A (see Eq. (16) ) . The curves 1, 2 
and 3 correspond to (12 a) , (12 b) and (12 c) , respectively. 
The straight lines correspond to the asymptotic formula 

(19) ; £ = 15.92. 

Using now the approximation of the spectral func-
tion f(x) (12 a) we get 

U(i)=A ( I ) = 13 (i - 1) 2/16 + 3 (i - 1) . (24 a) 

Analogically we get 

U($) =B( i) = 2tz~1/2 (24 b) 

• [ ( ! - l ) 2 ( l - 2 - 1 / 2 ) + £ - l ] 
and 

U(i) =C(i)= 6 ( i - l ) [i/8-3(£-l)/35] ( 2 4 c ) 

from (12 b) and (12 c) , respectively. Curves for 
the excess free energies and activity coefficients are 
shown in Figures 5 and 6. 

6 0 

I 1 / i i i / I I I / 

In fa 

(I«U)OH 
5 0 

4 0 / Y 

— / S/ 

3 0 ^ 3 

/ / ^ ^ v L 

2 0 - j // 

1 0 

\ i l 1 1 1 1 1 

0.5 
XA 1.0 

Fig. 6. The natural logarithm of the activity coefficient 
divided by that of the DH theory vs. x A according to 
formula (18) ; 1, 2 and 3 correspond to models (12 a ) , 
(12 b) and (12 c) respectively. The lines correspond to the 

asymptotic formula (20) ; £ = 15.92. 

4. Discussion 

From formulae (19) and (20) it can be seen that 
the DH limits for remain valid. We will 
estimate now the magnitude of the correction terms 
in the Eqs. (19) and (20) which take into account 
the spatial dispersion of the solvent at finite values 
of x. For that purpose we consider a 1 — 1 electro-
lyte in water at 25 °C. Assuming further 15 J = 16, 
A = 10 A, e = 78 we get A = 226, B = 90 and*C = 64 
[see Eqs. (24 a ) , (24 b) and (24 c) ] . If we express 
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x by the ionic strength I* (in moles-dm 3 ) we get 

A(£)x A~744V7*, (25 a) 

B(£)xA~298 ]//* , ( 2 5 b ) 

C(£)xA~210 VI* . (25 c) 

From this we see that even in the region of the 
presumptive validity of the self-consistent field ap-
proach 1 c ̂  1 0 - 5 mol • d m - 3 , * < 1 0 - 2 A - 1 , 26 the 
correction terms may be of the order of one (i. e. 
100%) because A (£)xA< 25. According to this 
the DH theory (using a constant value of e) should 
only be valid for concentrations lower than or equal 
to approximately 1 0 - 7 mol •dm - 3 . 

Without a careful examination it would have been 
difficult to predict2 4 the effect of the spatial dis-
persion of the permittivity of the solution with a 
correlation length A ( ~ 10 Ä) on the thermodynamic 
properties of electrolyte solutions with concentra-
tions 1 0 - 6 m o l ' d m - 3 ( i . e . with interionic distances 
of the order 1000 Ä ) . It has turned out that the 
increase of the electric interaction at a distance of 
the order of A (see Fig. 1) is so substantial (for 
sufficiently large value of £) that its contribution to 
the thermodynamic properties is significant. 

The analysis of the problem presented in this 
paper has obviously all drawbacks of the DH theory. 
It is not aimed, however, at obtained exact quan-
titative results but at bringing some light in to the 
effects of the solvent structure on the thermodynamic 
properties of diluted electrolyte solutions. In our 
opinion the results obtained justify further attempts 
towards an exact theory (including "short range 
forces") which would take into account the spatial 
dispersion of the permittivity of the solvent. 

Appendix 

A Derivation of Equation (13) 
Putting k = x/A we obtain (9) in the form 

oo 

2 ( xsm(xrjA) 
( A 1 ) 

0 

where ju : xA and H(x) = F (x/A). 
The identity 

(/t2 + x- H) = (x 2 H)-1 -jli2[x2H(jli2 + x2H)]-1 

(A 2) 
is easy enough to verify. If we set H = 1 (A 2) takes 
the form 

0= (/u2 + x2)~i-^ + ju2[^(iu2 + x2)]-1. (A3) 

We multiply both identities by x s'm(xr/A), inte-
grate over x and add the equations. We get 

S , ( r ) = S 0 ( r ) + exp{-[ir/A}-l ( A 4 ) 

+ ju2(2/7i)K(ju,r/A) 
with 

oo 

K(jL(, r/A) =J'L(ju, x)x~1 s in (a; r/A) dx (A 5 ) 
o 

where 

L (//, x) = [H (x) (^ + x2H(x))]-i- O2 + x2] -1. 
(A 6) 

Now we estimate the integral K (/*, r/A) for /f 
sufficiently small. Let x* be such a value of x that 
x*>jli£ (note that £> 1) and H(x*) ^ H(0) = 1, 
i. e. the function H (x) does not change substantially 
on [0, x*]; (note that x* < 1) . We split the inte-
gral (A 5) into the two integrals 

X* 

K1 = f L(ju, x)x~* sin(x r/A) dx, (A 7) 
o 
oo 

Ko = f L(jli, x)x~xsin(xr/A)dx. ( A 8 ) 
X* 

We find first the bound for the integral Kx. By 
assumption, H(x ) äj 1 on [0 ,a -*] , hence 

L(ju,x)^g(x) , x e [ 0 , x * ] ( A 9 ) 
Avhere 

g(x)=[l-H(x)] (ju2 + 2x2)(ju2 + x2)-1. ( A 1 0 ) 

Since ! x - 1 s i n x I < 1, it follows that 

\Kx\<Xf\g{x) dx < (r/A) [ (1.5/^u) ( A l l ) 
o 

arctan (x*/tu) — 0.5 x */ (/-I2 -)- x*2) ] max ] 1 — H (x) |. 
xe [0, x*] 

Using the supposed inequality ju<€x* we get 

| Kx | < (3 rc/4) (r/A)^'1 max \ l —H(x) \ . (A 12) 
xe [0, x*] 

Obviously this estimate is suitable for /Lir/A not 
too large. Let the function g(x)/x be differentiate 
on [0, x * ] . Then we can get another estimate of the 
integral Kt, integrating (A 7) by parts and using 
(A 9) and ( A 1 0 ) 

\K1\<,2A/(r/A) , ^ (A 13) 

,4=max{|<7(x*)/x*|, /1 d [g (x) /x] /dx | dx} 
o 

provided that g(x)/x~+ 0 for x -^ -0 . Taking into 
account that 1 3 the spectral function can be ex-
pressed as / ( x ) « l — ax2 (for x—>-0) we can ap-
proximate [1 — H(x)]/x ^ Cx. By the same proce-
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dure we get for this case the following estimate 

\Kt\< 1.6 Cj {ju r/A) (A 14) 

where we have used again the assumption x* u. 
To estimate the integral K2 let us observe that by 

the assumption 

L{ju,x) ^x~2H~2{x) -x~2, for x^x*,(A15) 

using the inequality | s i n a ; | ^ l and assuming 
H{x) to have its range on [l/£, 1 ] , we get 

\K2\<{t2-l)x*~2/2. (A 16) 

Thus we conclude that ju2K(u,r/A) can be ne-
glected against 1 (using j u ^ ^ x * ) and the ap-
proximation (13) is proved. 

B Deviation of Equation (20) 

We put k = x/A in (18) and get 

£ = ( ln/ a )/( ln/ a )D H ^ ( B l ) 

= (2 ju/n) f{H(x) [/j2 + x2H{x)]}~1 dx 
o 

where u = x A and H{x) = F {x/A). 
We use the identity 

[H{ju2 + x2H)]~1=[ju2 + x2]-1 + [1-H] (B 2) 

• [fx2 + ^{l+H)] [H{n2 + i?H) (^2 + x2)]-1 

and get 
oo 

K=l+{2ju/jz)fk{x)dx (B 3) 
o 

where 

k{x) = ( - # ( * ) ) [ ^ + ^ ( 1 + # ( * ) ) ] (B 4) 

•[H(x) (Ju2 + x2H(x))(ju2 + x2)]-1. 

Now we split the domain of integration into two 
intervals: [ 0 ,£* ] and oo]. The same proce-
dure as in part A of the appendix [cf. ( A 7 ) , (AlO), 
( A l l ) and (B 4) ] leads us to 

X* 

\(2ju/jz) fk{x)dx\< 3 max \ l — H(x)\/2 (B 5) 
0 xe [0, x*] 

where we have used the assumption ju = x A < € x * , 
H{x*)^=i 1. Using the assumption / u ^ x * for the 
integral on the interval [x*, oo ] and neglecting f i 2 

against x2 or x2 H {x) we get 

fk(x)dx^f[G2{x)-l]x~2dx (B 6 ) 
X* X* 

where G(x) = l/H{x) = l/F{x/A). We integrate 
now the last integral by parts and get 
oo 

/ [G2(x) - 1] z-2 dx = [G2{x*) - l]/x* (B 7) 
X* 

oo 

+ 2 f G{x) G'{x)x~1dx. 
X* 

Now we write 
oo oo 

f G {x) G' (x) X-1 dx = /G (x) G' {x) X'1 dx (B 8) 
x* 0 

-fG(x)G,(x)x~1 dx. 
0 

We note that both integrals on the r.h.s. of this 
equation are convergent. The ratio G(x)/x<C is 
bounded because G' (x) = 0 (a;) 13>14 and thus the last 
integral can be estimated 

fG{x)G,{x)x~1dx<Cx*. (B9) 

Therefore for sufficiently small x* the second inte-
gral on the r.h.s. of (B 8) can be neglected against 
the first integral and finally we have 

oo 

{4 fi/zz) f G{x)G'{x)x~idx (BIO) 
o 

where we have neglected the term tu[G2{x*) — l]/x* 
against 1 in accordance with our assumption that 
fi < x*. 
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